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ABSTRACT

This memorandum describes a conceptual medel wnich allocates resources
in a PXRT network, the activities of which are subject t< ccrtinuous
concave-upward time-cost functions, in such a wav ac ro o hic<ie a minimam
cost sc luticn for a given completion date for t+: program dzscribed by the
network. A parametric solution for the minimum ceost solution at various
total program times is also briefly described. The :ffect of uncertainty
in the time cf completion of ar activity has alsc been investigated in a
highly simplified mcdel; and a tentative conclusion is presented that such
uncertainty tends to divert resources toward the earlier part of the
program, as compared to the solution under cartainty
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1.0 INTRODUCTION

This memorandum describes a conceptual model for allocating resources,
represented by dollar cost, in a PERT network to achieve a given completion
date for the program at minimum cost.

1t is assumed that each activity or task in the network is subject to
a continuous upward-concave time-cost relationship as illustrated in
Figure 1. Note in Figure 1 that the cost approaches infinity in any real

Figure 1
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activity (dummy activities are excluded) as time approaches a minimum
feasible time. There is, however, a minimum to the function representing
the fact that costs will turn up beyond a certain puint, since turther
increases in time imply increasingly inefficient use of tacilities and
equipment and increasing liability to engineering chanye, which cannnt be
compensated for by increasing efficiency in the use of manpower. Further
increases in time must eventually imply even decreasinr cfficiency in the

use of manpower. It is assumed that slack is permissitle in the network,

so that in fact it is never necessary to proceed to fhe iiuh' of the minimum.
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It is assumed that there is a given time T for the completion of the total
program represented by the network, and that this total time is feasible.
The memorandum is addressed to the problem of balancing the allocation of
time within the network (and hence the allocation of resources) to minimize
the cost of achieving the program in time T.*

In this paper, a decision system is set forth in which the time for the
completion of an activity is determinable, although variable as a manage-
ment decision. Note i8 also taken of the direction of bias which results
from failure to consider the random element which actually exists in
activity time.

The approach under certainty is similar to those described in the
literature and - 3 oxcept that continuous functions are used here in
place of the segmented linear time-cost functions and that a new iterative
algorithm, more suitable for continuous functions, is introduced. The
continuous functions permit a more general solution of the resource
allocation problem and offer the greater sensitivity necessary to study
the effects on the decision arising from uncertainty in the time of
completion of an activity.

2.0 BALANCING A NETWORK UNDER CERTAINTY

2.1 Balancing Time Along A Serial Path

A serisl path is defined as a path of two or more activities
which must be performed in sequence and which are not related in sequence
to any activities not on the path except at the start of the first activity
and at the end of the last. In Figure 2, points 1, 2, and 3 and points
4, 5, and 6 represent two serial paths.

Figure 2
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NETWORK WITH SERIAL PATHS

*No consideration has been given here to manpower loading, a serious and
difficult problem for the real-world decision-maker. The failure to
consider this problem undoubtedly limits the usefulness of this model.
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The balancing of time, or the resource allocation, is first
considered along a ser...l path, in which the path as a whole must be
completed in time Ty. First, a solution in which all activities along
the serial path can be located at or to the right of the minima of the
time-cost functions is not considered; for in this case, since slack is
permitted in the network, the minimum cost solution is such that each
activity along the serial path is exactly at the minimum of its time-cost
function, and no time-cost tradeoffs are brought into issue. The more
interesting case is the one in which all activities along the serial path
are to the left of their time-cost minima. 1In this case, the cost of
the serial path itself can be minimized by reallocating resources in such
a way that the time-cost functions all have equal slopes along the path
(they are all negative, of course) and such that thc total time of all
activities on the path is equal to T;. A reallocation towards equality
of slopes will always lower the total cost of the program, as illustrated
in Figure 3.

Figure 3
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THE ALLOCATION OF TIME FROM ACTIVITY © YO ACTIVITY A

Here, an allocation of time from activity B with its shallow time-cost
slope, towards activity A with its steep time-cost slopc, retaining a
constant sum of time in the two activities, will necessarily reduce the
total cost of the two activities without changing program time T;. This
follows from the fact that the saving from increasing Lim in activity A
will be greater, by reason of its steeper slope, than th. cost of decreas-
ing the time in activity B. In Figure 3, the transfer of a unit of time
from activity B to activity A raises the cost in B only from Cgp to Cpi,
but lowers the cost in A from CAO to Cpy- It shouid be noted that the
transfer of resources is in the opposite dire: tion from the transfer of
time, i.e., from activity A to activity B.
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From this it is possible to conclude that, along a serial path,
the time-cost slopes of all activities should be equal to each other and
less than or equal to zero.*

2.2 Bsalancing Time at a Complex Junction

The optimum location of a complex junction in time is now
considered, with the other junctions in the network held constant in time.
A complex junction is defined as one at which more than one activity
originates and/or terminates. The network illustrated in Figure 4 contains
two complex junctions, 2 and 3.

Figure 4
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A COMPLEX JUNCTION

Figure 4 illustrates the optimum location of junction 3 in time, t3, with
junctions 1, 2, and 4 held fixed in time. Here, as t3 is moved closer to
t4, the time in two activities, A and B, is increased; and the time in one,
activity C, is decreased. Thus the point of balance or suboptimum location
of junction 3 in time (t3) is such that the incremental savings in
activities A and B would exactly equal the incremental cost in activity C
as a function of the movement of t, toward the end of the program. This
situation is {llustrated {n Figure 5 on the following page;' any movement
of ty to the right from t;, the point of balance, would raise the cost in
activity C more than it would lower the cost in activity A and activity B,
since in such a case the slope in activity C is greater than the sum of
slopes in activities A and B in absolute value. Conversely, any movement
left from t* would raise the cost in activities A and B more than it would
lower the cost in activity C, since in this case the sum of slopes in A
and B exceeds the slope of activity C, in absolute value.

*Andrew Vazsony“ comes to the conclusion that time-cost slopes should be
equal in subactivities of a single activity.
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It should be noted that although the slopes here arce shown
concave upward, in ahsolute value, the existence of a =olution depends on
the monotonicity of the slopes, not on their concavity; and monotonicity
can be implied from the assumption that the time-cost functions themselves
(Figures 1 and 3) are concave upward.

With a slack junction, in which it is pous ble for all activities
to reach their time-cost minima, the point of balance of the junction is
indeterminate, although the minimum cost is dcterminato, and is equal to
the sum of time-cost minima of the relevant activitic. This situation

is illustrated in Figure 6 on the following pagc

In Figure 6, the sum of slopes of the time-cost functions for
activities A and B reach zero at tg and th slope of the time-cost
function for activity C reaches zero at t3 Thus from t3 to t3 the sum
of the cost of activities A, B and C remains constant at thce sum of the
time-cost minima and the sum of the slopes of A and B is cqual to the
slope of activity C at zero.
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Figure 6

SLOPES OF TIME-COST FUNCTIONS IN A COMPLEX JUNCTION WITH SLACK,
SHOWINS RANGE OF SUBOPTIMAL SOLUTION ¢ 3

It is possible to conclude from the above analysis that the
suboptimal location in time of one junction in a network, with the other
junctions held fixed in time, is such that the sum of time-cost slopes
of activities leading into the junction will be equal in value and
opposite in sign to the sum of time-cost slopes of activities leading
out of the junction,or that suboptimal tj, with t;s and tys held fixed,
is such that:

g Kyt sy, =0 (1)
Ldtj =4 dtj

where C_ (t.-t ) {s the time;cost function of the activity commencing
at m an’ntcrninating at n. Equation (1) is the partial derivative of
the cost function of the total program with respect to tj; there is one
such partial derivative for each internal junction.

2.3 Balancing ap Entire Network

2.3.1 Methodology

By extension from the discussion of section 2.2, it is
possible to define a balanced network, providing the minimum cost solution
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for a total program time T, as one in which each internal junction
satisfies equation (1) and in which T = ¢t - t, for a network of n
Junctions. Although it is possible that an analytical simultaneous
solution might be obtainable for an entire network by setting the partial
derivative for each internal junction (equation 1) to zero and solving
simultaneously for each internal junction, it is suggested that the network
be solved iteratively, moving either forward or backward through the
network, balancing a single junction at a time with each other junction
held fixed at its last computed suboptimum. Such an algorithm would
clearly converge to a solution, since there would be a tendency in each
junction to underadjust because each neighboring junction would be held
fixed.

The following specific iterative algorithm is suggested;

1. Set each activity at a fairly steep slope of the
time-cost function, leaving such slack as is required at the latter part
of the network. Introduce additional slack as required. This step
provides an initial feasible solution.

2. Balance junctions in succession, moving backward
through the network. .

3. Iterate step 2 until an acceptable degree of balance
is obtained at each junction.

This process would tend to provide a steady progression
of the t;s for intermediate junctions toward the end of the program until
convergence is obtained.

2.3.2 A Hypothetical Example

For this example, time-~cost tunctions have been specified
in the general form:

PR C.
Cugleyy) = agy* byj iy + pimg—s dyyce, g+ gy
1j "1) i} 2)

ii cij

where ajjs bij’ ¢y and d;; are constants and t;., is the time duration of
activity 1j. ~ (It 8hould be noted, incidentally ghat whereas tj, the time
of junction j, is a point in time, t g the time of activity 1j, is a

span of time). The term ajj represents a fixed cost component; the term
bij tij represents a linear cost component, properticnal to tij, the time

C,.
of the activity; and the term Ell:a—— represents the portion of the cost
iy "ij
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wvhich is inversely related to the time of the activity, reaching infinity
48 tjy—>d;) from above and approaching zero as tij~pe For typ Fﬁ +dyy,

the minimum of the C1j (tg14) function, the cost remains at the minimum of
the function, representing the fact that slack is permissible in the
system. The second term roughly represents the impact on capital cost and
the third term roughly represents manpower cost. The first term may be
associated with the cost of materials.*

The network represented in Figure 7 was used in the
calculation, together with the constants presented in Table I.

Figure 7

PERT NETWORK USED FOR NYPOTHETICAL EXAMPLE,
SHOWING THE hfllﬂl!‘ulﬂwﬂWAL FEASIBLE SOLUTION

Table t
CONSTANTS
Eitivlty 8, ($'s) bij ($/DAY) iy ($-DAYS) dij(DAYS) Initial tij(DAYS)
2-3 1,000 80 4,000 6 7
1-3 1,000 50 3,000 10 13
2-4 1,000 150 8,000 8 13
3-4 1,000 110 6,000 5 6
3-5 1,000 100 6,000 7 17
T, total program time = 30 days
Co Used i Hypothetical Ex e

*These time-cost functions are similar to those used in reference 5 except
that the time-cost functions used there omit the linear component .
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v The initial feasible solution is shown in Figure 7. The
network was then balanccd,* and activity times and time-cost slopes were
derived. These are presented in Figure 8 and Table II. The time-cost slopes

are shown in parentheses in Figure 8.
Figure 8

1A -9521 s.70

{-47)

14.24

THE MYPOTHETICAL NETWORK AFTER BALANCING

Table I1I
Activity Optimal tij Time-Cost Slopes At Balance
(Days) ($/Day)
1-2 6.70 -1647
2-3 7.54 -1600
1-3 14.24 - 120
2-4 14.37 - 47
3-4 6.83 -1715
4-5 8.93 -1770
3-5 15.76 0

Optimal Activity Times & Time-Cost Slopes For Hypothetical Network

*The calculations were per?ormed on a PACF Analog Computer.
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Figure 8 and Table II illustrate a balanced resource allocation such that
the sum of time-cost slopes of activities terminating at a junction is
equal to the sum of time-cost slopes of activities commencing at the same
junction, for all intermediate junctions, with a small rounding error.

3.0 BALANCING A NETWORK UNDER CERTAINTY FOR A VARIABLE PROGRAM TIME

Since it is possible to find a minimum cost solution for any given
total program time, T, it is also possible to vary T parametrically and
plot the costs for various Ts. Assuming it is possible for the contractor
to deliver the product'or system represented by the network earlier than.
scheduled, the T-cost function will reach a minimum, but not turn up, as
illustrated in Figure 9.

Figure 9

-y 'y A A ']

TOTAL PROGRAM TIME (DAYS)

THE T-COST FUNCTION

This figure represents the constants of Table I, with T, total
program time, varied parametrically from 26 to 40 days at two-day intervals.

28 » 0 b 3 L » L)
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The figure illustrates that total program cost declines monotonically as
a function of increasing T, but at a decreasing rate of decrease.

Such a function might be presented to the decision-maker as an
estimate of what he would have to pay to save time on his program. Assum-
ing the decision-maker is able to evaluate the value of earlier delivery
of the system or subsystem represented by the network, he is then able to
balance the value and cost of early delivery.

At the minimum cost T, some activities should be to the left of their
time~-cost minima because the slack in a network in fact costs money.*
Thus, if the slack is taken at the beginning of a slack activity (post-
poning the start of the activity as long as possible) there will be a
certain amount of inflation in the costs when they are incurred.
Alternatively, if the slack is left at the end, there will be inventory
holding costs for carrying the completed sub-assemblies in stock. Thus,
at the minimym cost T, there will be a balancing of higher processing
costs along nonslack activities against lower slack costs in the slack
activities; and this balance cannot be at the minima of all activities
unless there is no slack in the system at all.

4.0 BALANCING A NETWORK UNDER UNCERTAINTY

This section is limited to an investigation of some of the effects
of introducing into a network uncertainty in the time of completion of
one activity.

This initial indestigation of uncertainty is performed through the
ugse of a serial network. A simple serial network is presented in
Figure 10, and its associated constants are presented in Table III.

Figure 10
om0 ]  § 3 L) ] [ ] 14 [ ]
- ._..._.. '
Ty 0.4 ’ 9.00 ..9'1 6.02 “ 944 * 9. 60 '

A BALANCED MYPOTHETICAL SERIAL NETWORK

This network was balanced using the procedure of section 2, and the
results are shown in Figure 10 and Table II1.

*Slack was, however, assumed to be costless in the hypothetical examples.
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Table 111
CONSTANTS SOLUTION
Activitylajj ($'S) by ($/DAY) c;j($-DAYS)|dy;(DAYS)|  t;;(DAYS) |Time-Cost Slopes

Initial{Optimal ($/DAY)
1-2 1,000 100 5,000 4 5 7.17 -397.39
2=3 1,000 120 6,000 5 6 8.41 -397.39
3-4 1,000 80 4,000 7 8 9.89 -397.39
4-5 1,000 50 3,000 6 7 8.59 -397.39
5-6 1,000 150 8,000 3 4 6.82 -397.39
6-7 1,000 110 ;6,000 6 7 9.44 f -397.39
7-8 1,000 120 7,000 6 23 | 9.68 -397.39

Hypothetical Serial Network Under Conditions of Certainty

Uncertainty is now introduced into one activity at a time. The
insertion of uncertainty into activities 2~3, 4-5, and 6-7 is tested
alternatively. The relevant prchability function is presented in Table IV,

Table IV
CEJ Probability
cgj -2 .25
ty .50
tiy +2 .25

where P is the actual, ex post time of activity ij, known only after the
complet%gn of the activity, and tfj is the ex ante expected time of
activity ij.

The cost of the uncertain activity ng, in terms of both tfj and tgj
is now defined as follows:

P

p a P (:ij t',i.. a Ci-
ofy (egg, ) =apgtbyj ey +(t*‘ d ) :51 43¢ g€ U 4y
13795/ tij bij
‘ ) » (3)
P (ea P p o[ | lid yiet!
Cig (tyys £55) = ajj +biy ty; + LS 1g ¥

¢ 2 1] b dij)
Jeid ij ij
b
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We suggest, for future research in this area, that a general PERT
network, with uncertainty in each activity egcept dummy activities at the
end of terminal activities (introduced to enable the reduction of the
total program time to T), be tested through a Monte Carlo model. A
negative discount rate could be introduced to move junction times toward
the beginning of the network, and alternative discount rates could be
tested to see which provides the best cost ex post. The network would
be solved in each iteration under the techniques of section 2, except for
the use of the discount rate. A positive discount rate could be used in
appraising the results to represent the fact that costs in the real world
should be discounted. It is interesting to note that the avoidance of
a discount rate in the case of certainty would tend to compensate for the
bias which is introduced by failing to recognize the fact that the tjjs
are in fact uncertain.

5.0 SUMMARY

Under the assumption of continuous upward-concave time-cost functions
for activities and under the assumption of a given total program time, an
iterative algorithm was developed to determine the optimal allocation of
time in a PERT network. In this algorithm, junctions are balanced one at
a time by equating the sum of time-cost slopes of activities terminating
in the junction with the sum of time-cost slopes of activities commencing
in the junction, in absolute value. Junctions are balanced in turn, with
other junctions held constant at their last computed values, and the
network is solved iteratively until a solution is obtained in which all
junctions are simultaneously in balance.

A parametric minimum cost solution for alternative total program times
was also derived. This solution presents to the decision-maker the
incremental cost of program acceleration.

Finally, uncertainty in the time of completion of an activity was
investigated in a simplified network. The conclusion was reached that
the introduction of uncertainty causes a shift of junction times in the
network toward the beginning of the program, as compared with the casc
of certainty.

AP
o "J s ;7_.;yfly\

E. B. Berman

EBB/1lc
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where C?- is the ex post cost of uncertain activity ij. These cost
functions assume that the allocation of time to various activities in the
network is reviewed on.y after the completion of the uncertain activity,
not during the activity; so that once an allocation of resources to the
uncertain activity is determined, the effect of a longer or shorter tgj
is only to increase or decrease the linear componegg of cost and to
extend or shorten the use of allocated resources, — * Since the
t¥:-dj
J 1)
fu?ction CYj (t;, tP) is linear in tgj, given tgj, it is possible to
write: p . a
Clj (t?j, tij) = Cij (tij) )

or in other words, the expected cost of the uncertain activity is equal
. . a
to the cost under the case of certainty using tjj in place of tjj.

It is assumed that the remaining portions of the network are
reprogrammed afte{ the completion of the uncertain activity and are
balanced under the constraint of the remaining total program time available.

The optimal ex ante network allocations under this simple case of
uncertainty are shown in Table V. The solution under cettainty is repeated
for comparison.

Table V
. - _LCase of Case of Uncertainty
Activity Certainty 2-3 Uncertain 4-5 Uncertain 6-7 Uncertain
tiy Slopes | tjj; Slopes £ j Slopes tij Slopes
2 7.171 | -397 .4 7.155 }-402.2 7.134 |-409.2 7.063 |-432.9
3 8.405 | -397 .4 8.390 }|-402.2 8.367 | 409.2 8.294 ]1-432.9
4 9.895 | -397 .4 9.900 |-395.5 9.860 {-409 2 9.793 | -432.9
5 8.590 | -397 .4 8.595 |-395 5 8.5%6 [-409.2 8.492 1-432.9
6 6.823 | -397.4 6.830 1-395.5 6.871 |-383.9 6.705 |-432.9
7 9.439 | -397.4 9.445 }-395.5 9 485 |-383.9 9.324 }-432.9
8 9.678 | -397 .4 9.685 |-395.5 9 727 {-383 9 10.328 |-253.7
COST: $24,790 $24,851 $24 ,887 $25,071

Balanced Serial Network Under Uncertainty

In analyzing the results presented in Table V., the reader should note
that wherever the uncertainty is located, the effect is always to shift
intermediate junctions toward the beginning of the program, relative to
the case of certainty. This shift raises (in absolute value) time-cost
slopes preceding the end of the uncertain activity, and lowers time-cost
slopes (in absolute value) following the end of the uncertain activity,
reflecting a shift of all junctions towards the beginning of the program.
This effect is a form of insurance, protecting against a very steep climb
up the time-cost functions of activities following the uncertain activity.
Therefore, as a general conclusion, we may note that there is some evidence
that uncertainty tends to shift the time of junctions in a PERT network
toward the beginning of the program,.
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